The linear, spin--, alternating Heisenberg chain has attracted theoretical and experimental attention from physical chemists for about two decades, particularly in relation to spin exciton theory and the properties of linear, exchange-coupled free radicals. The model is somewhat unfamiliar to physicists but has become of increasing interest recently, primarily because of its relation to spin-Peierls transition systems. A striking feature of this model is that it has so far proved resistant to any form of analytic attack. Existing theories are therefore all approximate, and are not in agreement with one another. In particular, there is disagreement about the existence of an energy gap in the excitation spectrum for nonzero alternation, such a gap being crucial to spin-Peierls theory and spin exciton theory. In this paper we employ the method which has so far proved more reliable than any other approximate technique, namely the method of extrapolating exact finite-chain calculations to the thermodynamic limit. Our study is an extension of earlier work in this direction, and focuses on the nature of the ground state and on low-lying excitations in general, and the existence and properties of the gap in particular. We introduce the features of the linear alternating antiferromagnet through an initial description of the spin-Peierls transition and with brief reference to organic free radicals and spin exciton theory. This is followed by a survey of existing approximate theories. Features of the excitation spectrum are discussed and finite-chain extrapolations for the ground-state energy and energy gap as a function of alternation are presented. 
are shown also. The dotted-dashed curve represents extrapolations on the minimum singlet energy gap. Fig. 11 , along with the curves for finite N =2, 4, 6, 8, 10, and 12 Fig. 12 ). The excitation spectrum qualitatively resembles that of the spin--, , Heisenberg linear alternating chain (see Fig. 15 Fig. 22 a log-log plot of 14 data points yields an apparently linear behavior with a "best exponent" of 1.36+ii'2.
There is no obvious reason why power-law behavior close to 4/3 should extend right to the dimer limit. This result is at present a curiosity (a 4/3 power law over the whole alternation range is not consistent with the Harris expansion'7). In fact, we shall see, in view of subsequent theoretical considerations, that pure power law is not the expected behavior near the uniform limit.
The T =0 quantum-renormalization-group (QRG) approach also predicts values for exponents.
In view of the rather high current level of interest in this particular approach, we shall review it separately, later in this section.
%e now concern ourselves with the overall quantitative accuracy of the various calculations of Eo (5,J) . A specific inherent feature, and unfortunate limitation, of the Cross-Fisher calculation is that the nature of the critica1 singularities is ob- We consider this to result from the fact that the valence-bond approach is inherently more suited to an S = -, rather than an S =1 alternating problem. Finally, in Fig. 23 , we observe that a third-order perturbation-theory calculation of Harris, ' evaluated over the entire range of alternation, also gives very good results. This is interesting, and perhaps surprising, since the calculation is a perturbation calculation about the dimer limit.
We come now to the case of the energy gap b,E.
Again, specific predictions are available for the way in which hE vanishes in the vicinity of the uniform limit. For the X1'model, b,E-5 (exact), whereas for the Bulaevskii approximation Ising-Heisenberg uni- form spin-anisotropic model, which also show gaps which vanish only in the uniform (isotropic) limit. In fact, the antiferromagnetic fixed point corresponds to a' =y' = 1, and is therefore dpubly unstable (with respect to both alternation and anisotropy). We conclude that these RG results are in agreement with the direct finite-chain extrapolations, and thus support the existence of a gap for ex+1.
The T =0 QRG calculations also give exponents for e (5) and EE (5) Fig. 25 we show the NL --2 RG sequence, X, =3, 5, 7, and 9, extrapolated to N, = 00.
The accuracy is now much improved. In Fig. 24 the RG predictions for the energy gap, hE, are an exponential type of fit.
A fitting procedure using Pade approximantextrapolation techniques was also tried but was not more successful than techniques (1) - (3) . Convergence rates of different types of fit were derived by comparing results for different sets of n values. Specifically, sets of three consecutive ri values were chosen so that the extrapolated 6"'s again formed a series whose convergence could be estimated. It was found that type (1) or type (2) polynomial fits gave the best results near the uniform limit (a=1), whereas type (3) was preferable near the dimer limit (a=O). However, in this region, say a(0.4, convergence was so rapid that the limit was riot in doubt.
The computer-based extrapolation procedures were thoroughly tested on other systems known to show a "gap" phenomenon, vanishing at a particular limit. An example is the spin-2 XY alternating chain which happens to be exactly solvable for N = 00, and has an alternation energy gap which vanishes in the uniform limit. These other systems are discussed in some detail in Sec. II. 'Present address. ' E. Pytte, Phys. Rev. B 10, 2309 .
Note that the parameters o and 5 occur frequently, and are related by o, =(1 -5)/(1+5) and, conversely 5=(1 -a)/(1+o, ).
